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Following a review and new results concerning the discriminants d(A, B) = 
As + 4Bs and -3&l, B), a new construction develops four quartic formulas 
including 
D6(z) = 108,~~ - 148~~ + 84z2 - 242 + 3. 
The imaginary fields Q((-Ds(z))l/*) have three invariants divisible by 3 for 
z = “’ -44, -41, -29, 28, 34, 46, “. . Theorems are proven concerning the 
class groups generated by these quarks such as the result that all Q(( - Ds(z))lla) 
have at least 2 such invariants if z = 3k + 1 # 1. Tables are given and open 
questions are stated. The paper concludes with a brief introduction to the 
following question: If  f(y) is an irreducible polynomial, what algebraic sub- 
stitutions y  = g(z) causef(z) to be factorable? 
1. INTRODUCTION: THE PREVIOUS TYPE 
The class group of a quadratic field Q(W) is Abelian, and its 3-Sylow 
subgroup is therefore a product of cyclic groups 
C(3”‘) x C(3”“) x -.* x C(3”“), (s b 0). 
Following Scholz’s notation [l], we use s for the number of such factors 
if d > 0, and r if d < 0. Alternatively, we say that the real (or imaginary) 
field has s (or r) invariants divisible by 3. 
Recently [2], we proved that for square-free 
the two fields 
d = d(A, B) = A6 + 4B” > 5 (1) 
QK-W”“) and Q(d’9 
537 
Copyright 0 1972 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
538 SHANKS 
have 
r=.Y>l 
if 3 r B, and 
r=s+1>2 
if 3 1 B. Three pairs of such fields were exhibited which had r = 3: 
A B Q(&4 BY3 QN-3 44 B))"") 
3 19 3X3X3 3 x 3 x 3 x 604 
29 18 3x3 3x3~3~464 
17 9 3x3~4~2 81x3~3~2~2~2. 
The 3-Sylow subgroup is shown factored out here for greater visibility. 
Many examples of r = s = 2 were also given in [2]. 
The main purpose of the present paper is to develop an entirely different 
set of discriminants, not based upon (I), which also yield examples of 
s = 2 and r = 3, to exhibit such examples, and to examine their theory. 
We begin this in the next section. But first we ask several modest questions 
that can be answered with the previous set (1). 
Ql. Is there a real field with a discriminant 
< 36 + 4 . 196 = 188184253 
that also has s = 3? 
42. Is there an imaginary field with a discriminant 
> -3(17” + 4 . 96) = -3 - 101 * 457 * 569 
that also has r = 3? 
43. Is there an imaginary field of class number < 27 - 216 that also 
has r = 3? 
All prime d(A, B) with A, B < 30 were examined in [2]. The theory 
there facilitates a further search, and I have now examined some of the 
composite d(A, B) in that range and can record these three: 
A B 4% B> QP2> Q((- W”“> 
21 8 3541 - 24517 3 x 3 x 3 x 2 9x3~3~28~2 
17 6 41 - 593273 9x3x2 3x3~3~34~2 
1 18 1777.76561 3x3~136 9x3~3~20~4 
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The first example answers Ql positively. Probably there are still smaller 
discriminants than 86814697 that have s = 3 but none are now known 
to me. The second example answers 42 positively. We do have 
-72972579 > -78789999 
here but we do a little better with our new type below. Both of these 
examples answer 43 positively, the second being far more successful. 
Probably there exist cases with class numbers < 27 - 68 and r = 3 but 
none are now known to me. It is almost certain [2], but unproven, that 
the factor 68 cannot be reduced to 1. The question is similar to that of 
of one class/genus in imaginary fields: It is reasonable to conjecture that 
C(3) x C(3) x **- x C(3) (n factors) 
cannot be the class group of an imaginary field fer all n > some no, but 
the stronger question here is whether no = 2. The third example answers 
none of our listed questions but is added since its real field has a funda- 
mental unit that is exceptionally small: F = 11664 + N2. 
So much for .4 = A6 + 4BB. It is a prolific source of s 3 2 and, with 
some effort, a moderate source of r = 3. 
2. SERIES 1 AND SERIES 2 
But all such examples have discriminants = 1 (mod 4), and all such 
cases of r = 3 have discriminants divisible by 3. We now seek other types. 
There are many known examples of r = 2 of other types. Let us first 
find a d = - l(mod 4) and + O(mod 3) such that Q((-34)liz) has 
r = 2 (that is easy), and such that Q(N2) has s = 2 (that is harder). 
An example is 
d =23659= 59.401. (2) 
The real and imaginary class groups are 
3x3x2 and 3x3~4~2~2, (3) 
respectively. 
The entire set (1) was a generalization [3] of a single example of s = 2, 
namely, of 
32009 = 5” + 4 - 46, 
641/4/6-3 
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and we now wish to generalize (2) similarly. The question is: What 
property of 23659 gives rise to s = 2 ? We have 
d = 23659 = 1532 + 2 . 53 = 1492 + 2 - 93 (4) 
or 
2(-5)3 = 1532 - fl, 2(-9)3 = 1492 - A. (5) 
Since 2 divides the discriminant 4~l, the principal ideal (2) = t2 for a 
prime ideal t, and we may rid ourselves of the factor 2 in Eqs. (5) by 
squaring them. Then 
56 = [(1532 + 4)/2]2 - 1532 4 96 = [(1492 + 4)/2]2 - 1492 4 
and there are ideals a and 6, of norm 5 and 9, respectively, for which 
a6 and b6 are principal. (For this particular d, 
t = (4153 + 27 &ij 
is already principal, and therefore so are a3 and b3, but in the generalization 
below this will not always happen.) 
A simple generalization of d, and we should emphasize that it is by no 
means the most general, is given by 
d(w) = (3w2 - 12w + 18)2 - 2w3 
= (3w2 - 12w + 14)2 - 2(w - 4)3. (6) 
Our original (4) is now d(-5). The ideals a2 and b2 there were both of 
order 3, and they were in neither the same nor conjugate equivalence 
classes. That is why we have s = 2 in (3). What does the generalization (6) 
give ? 
If 2 1 w, or 3 / w, or both, d(w) is not square-free, and we set these 
d(w) aside for a while. Therefore, since we have 3 { w  we also have 
3 7 d(w). Some other d(w) are also not square-free and we discard them. 
For the remaining values of w  in the small range - 19 < w  < 23, we show 
the groups for Q(dd(w)) and Q(&3 d(w)) in Table I. 
We shall prove that which is observed there. 
THEOREM 1. For square-free d(w) we have r = s 3 1. 
A few comments on this series: At w  = -7 and - 11 we see the group 
3 x 3 for prime d = 7(mod 8), and, reaching out a little farther, there 
is no difficulty in finding the same group for prime d = 3(mod 8) at 
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TABLE I 
Series 1 
W 44 Q(A”‘) QN-3W2) 
23 
19 
17 
13 
5 
1 
-1 
-5 
-7 
-11 
-13 
-19 
131 . 13297 
71 . 83 * 127 
5 . 90787 
17.23 -337 
839 
79 
1091 
59 * 401 
62687 
26583 1 
5 . 109 * 859 
37 . 73 - 659 
3x3x2 9x3~14~2~2 
3x3~2~2 9x3x 4x2~2~2 
3x3x2 3x3~20~2~2 
3x3~2~2 9X3X 2X2X2X2 
3 3x 4x2 
3 3x 2x2 
3 9x 2x2 
3~3x2 3x3x 4x2x2 
3x3 9x3x 8x2 
3x3 21x3x 2x2 
3x2x2 3x40~2~2~2 
3x3~4~2 3x3x 8~4x2~2 
w = $35 and -37. For the 41 square-free d(w) in -77 < w  d 79, 
there are 20 cases of r = s = 2. This apparent density of Q for s > 1 is 
the same as that which is observed in the series A = A6 -I- 4B6, 3 T B in 
[2], but nothing has been proven concerning an asymptotic density. 
As in A6 + 4B6, 3 7 B, it is reasonable to expect that r = s = 3 will also 
occur here (rarely). 
These square-free A(w) we now call Series 1. For w  = 2x in (6) we 
remove the factor 4 and write 
A,(x) = 4 4) 
= (6x2 - 12x + 9)’ - 4x3 
= (6x2 - 12x + 7)2 - 4(x - 2)3. (7) 
Square-free values of A,(x) we call Series 2, and since we must have 3 r X, 
we have 3 7 A2(x). We show the cases of r = s = 2 that occur in the short 
range - 13 < x < 11 in Table II. 
We shall prove 
THEOREM 2. With the exception A,(l) = 5, which has r = s = 0, all 
Series 2jields have r = s 3 1. 
542 SHANKS 
TABLE II 
Series 2 Cases of r = s = 2 
X 44 QW*) Q((- 3W2) 
11 5 . 131 * 247 3x3x2 3x3~22~2~2 
-7 151141 3x3 3X3X40 
-10 277 . 1933 3x3x2 9x3x 4x2 
-13 53 * 26393 3x3x2 81x3x 2x2 
A comment on this series: While the d,(x) = l(mod 4), and while 
there is a slight overlap with d(A, B), as in 
d,(l) = Ll(1, 1) = 5, Ll,(-1) = Ll(3, 1) = 733, 
by and large these are different numbers. That is obvious for values such 
as d&11) which have divisors = -l(mod 4), but it is also true (more 
subtly) for the prime 4,(-7) which has 2 as a cubic nonresidue. While 
~&(-lo) is not an A6 + 4B6, it is a divisor of 1639s + 4 . 3266 and of 
infinitely many others. 
Here, again, one could make a lengthy search for s = r = 3 but the 
next development is more interesting. 
3. NEW TYPES OF QUADRATIC FIELDS WITH r = 3 
For the d(w) with w  = 3y, and for the d,(x) with x = 32, (the latter 
are also the d(w) with w  = 6z), we remove a factor of 9 and write 
4(Y) = (l/9) d(w) 
= 9(3Y2 - 4Y + 2)2 - 6Y3, (8) 
444 = (l/9) d2(4 
= 9(6z2 - 42 + 1)2 - 12~~. (9) 
Again, we wish square-free values and stipulate 
Then 3 1 d,(y) and 3 1 d,(z) but 9 7 A3( y) and 9 ‘c d,(z). Scholz’s Theorem 
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[l 1 must now be inverted: Instead of taking -34 for the discriminant of 
the associated imaginary field, we now must take --+A. Thus, we write 
Da(y) = 3(3y2 - 4y + 2)2 - 2y3, (11) 
D,(z) = 3(69 - 42 + 1)2 - 423, (12) 
and will examine Q((-D3)1/2) and Q((-D6)1/2). Finally, since we wish 
to force 
r=s+1>,2, 
TABLE III 
Series3 Series 6 
Y Q((--a(Yw*) 
71 27x3~68~2~2 
65 81x3~28~2 
59 3x3~934~2 
53 9x3~200~2 
47 3x3x596x2 
35 3x3~328~2 
29 9x3~64~2 
23 81x3~4~2 
17 3x3~52~2 
11 3x3~32~2 
5 3x3x8 
-7 3x3~20~2 
-13 3X3X74 
-19 27x3~16~2 
-25 3x3~130~2 
-37 3x3~380~2 
-49 9x3~148~2~2 
-5 27x3~40~4 
-61 3x3~3~76~4~2 
-67 9X3X3X52X2X2 
-73 9X3X3X154X2 
-79 .9x3x604x2 
Q((--D&We) z 
3x3~284~2 40 
3X3X404X4 37 
3~3x3~122 34 
3x3~3~116 28 
9 x 3 x 194 25 
81x3x 11 19 
3x3~58 16 
3 x 3 x 313 13 
27x3~8 7 
9x3 4 
3 1 
9x3 -2 
9X3X5 -5 
3X3X34 -8 
3X3X77 -14 
243x3~2~2 -17 
81x3~5 -20 
9x3~38~2~2 -23 
3x3~104~2 -26 
27x9~3~10 -29 
3 x3 xl442 -35 
81x3~4~2~2 -38 
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we will strengthen (10) to read 
y = --I (mod6), z = 1 (mod 3). (13) 
Square-free D3(y) and D,(z) that satisfy (13) we call (you guessed it) 
Series 3 and Series 6. 
We will prove 
THEOREM 3. With the exception D,(l), where Q((3D,(l))l/3 has s = 0 
and Q(( - D,( 1))‘j2) has r = 1, all Series 3 and 6Jields have 
r=s+l>2. 
We show the class groups for the imaginary fields (only) in the intervals 
-79 < y < 71 and -38 < z < 40 in Table III. The six cases of r = 3 
that appear in Table III are repeated in Table IIIA, together with their 
associated real fields and factorizations. 
Several comments on these series: There is no known reason why 
prime D with r = 3 are precluded. Presumably, such primes would appear 
if the table were extended.l Nothing is known about the asymptotic density 
TABLE IIIA 
Examples of r = 3 
D QW'Y9 QN-DY'3 
D 3 3(mod 8) 
D,(28) = 6221 * 10159 3x3x2 3x3~3~116 
D,(34) = 2341 * 59207 3x3x2 3x3~3~122 
D 3 7(mod 8) 
D,(-29) = 17 * 4709839 3x3x2 27x9~3~10 
D = S(mod 8) 
D,(-61) = 5 . 269 * 290669 3x3~2~2~2 3x3~3~76~4~2 
D,(-73) = 8377 * 95021 3x3~2~2 9x3~3~154~2 
D I l(mod 8) 
D,(-67) = 23 . 173 . 142427 9x3~2~2~2 9x3~3~52~2~2 
1 Added later. The very next entry in Series 6 is such a prime. For D = D,(-41) = 
315524687, Q((-D)l/z) has the group 3 x 3 x 3 x 481. The real Q((3D)lje) is 3 x 3. 
Again, the prime D,(46) = 469336163 has corresponding groups 3 x 3 x 3 x 181 
and 3 x 3. Since D,(-44) = 151 * 2765333 has the groups 3 x 3 x 3 x 182 and 
3 x 3 x 2, it appears that r > 2 occurs frequently in Series 6. 
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of I > 2 here. The little cluster at y = -61, -67, -73 is, of course, 
pleasing. For the sake of 42 we record that 
0,(28) = 63199139 
is a little smaller than 
34(17,6) = 72972579. 
The impression created that I = 3 cannot occur for much smaller D is 
just that-an impression. One notes D&-29), where, for the first time, 
one finds 27 x 9 x 3 with two of its three factors > 3. If one seeks a case 
of r = 4, the best chance seems to be in extending Series 6. It grows at 
a slower rate than, and has an apparent density of r > 2 that is at least 
as high as, any other type examined. Discriminants of this size (1 z 1 w  100) 
are still very easy to analyze with CLASNO [4]. This Series 6 has a good 
heritage, so to speak. The first imaginary field with r = 1 is Q((-23)‘/“) 
and the first with r = 2 is Q((-3299)‘j2). They are found at the center 
of Series 6 at z = 1 and -2. 
4. PROOFS; NONESCALATION 
This paper is a sequel to [2], and its theory uses the same concepts that 
were used there-Scholz’s theorem and his two criteria, elementary 
explicit cube-roots, primary numbers. We need not repeat all that here 
and refer the reader to [2] for those definitions, 
First, we prove that r = s in Theorems 1 and 2. From (6) we verify that 
A(w) = 17 (mod 9) according as w  = fl (mod 6). (14) 
From (7) we verify that 
A,(x) = 55 (mod 9) according as x = f 1 (mod 3) (15) 
Algebraic integers in Q(dd) may be written (mod 9) as A + B ELI 
(mod 9), and in [2] we listed those residue classes that are cubic residues 
(mod 9) if d = 5 and 4. They are 
A = 5(mod9):0, &l, rt4dA, 12 f ~‘4 
A = 4(mod9):0, fl, f4l/d, 1412d4. 
(16) 
We now must add 
A = 7(mod9):0, fl, 412 d4 f4ztv'A, 
A = 2 (mod 9): 0, fl, f2 z/d, f2f4dA. 
(17) 
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From (6) we have 
for the algebraic integer 
(w - 4)6 = N(0) (18) 
0 = $[(3W2 - 12W + 14)2 + A(w)] + (3W2 - 12W + 14) 4A. (19) 
There is a corresponding integral ideal b2 whose cube is principal. But 
co=--2-44A or w=3+2qA(mod9) (20) 
according as w  = + 1 or - 1 (mod 6), respectively, and, since, by (17), 
these are not cubic residues (mod 9), we have proven that r = s for 
Theorem 1. 
From (7) we write 
(x - 2)3 = N(w), 
w = $(6.x2 - 12x + 7 + z/d) (21) 
z -4-4v’A or -1 -4dA(mod9) 
according as x = + 1 or - 1 (mod 3). Therefore, by (16), r = s for 
Theorem 2. 
5. ELEMENTARY EXPLICIT CUBE-ROOTS, ESCALATION 
The three generators, each of order 3, and mutually independent, for 
the I&(28) case of r = 3, can be written as the quadratic forms 
J = (3053, 1457, 5349), 
K = (263,63,60079), (22) 
L = (281, 3,56227), 
of discriminant --0,(28). The corresponding generators for D3(-61) are 
the quadratic forms 
J = (15254, 7934,26661), 
K = (1389, 1318,281774), (23) 
L = (2166, 1754, 180849), 
of discriminant -4D,(-61). Those forms designated J we call the 
elementary explicit cube-roots. They are given by 
J = (4z2 - 32 + 1, 2z2 - 42 + 1, 7z2 - 5z + l), (24) 
and 
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J = (4y2 - 6y + 4, 2y2 - 8y + 4, 7y2 - 1Oy + 4), (25) 
respectively. We shall prove that (24) and (25) give forms of order 3 under 
composition for the discriminants --D,(z) and -4D,( y), respectively. 
(The restriction in (13) is irrelevant here and may be discarded.) Our 
choice of K and L in (22) and (23) follows the convention used in [2]: 
From the remaining cube-roots we select the two that are independent of 
each other and J, and have the smallest left-hand coefficients. - 
Let us abbreviate the coefficients in (24) and write 
J = (a, b, c). 
We may easily square J by composition since 
(22 - 1) b + c = az, (22 - 1)2 + z = a. 
Therefore, 
J2 = (a”, b + 2a(2z - l), a), 
and since this is equivalent to 
J-l = (u, -b, c), 
we have proven that J3 = I where I is the identity 
1 = (1, 1, m,(z) + 11). 
For D,(y), the proof is only slightly longer. We write (25) as 
J = (201,2/l, c) 
and, since 2 ramifies, J2 - G2, where 
G = (a, 2/3,2c). 
Then, since 
2(y - 1) - 2/3 + 2c = OL * 2y, 
we have 
2a = qy - 1)2 + 2y, 
G2 = (cx.~, 2j3 + 4(y - 1) 01,2~4), 
and, since this is equivalent to 
J-l = (2cu, -2j3, c), 
CW 
(26) 
(264 
(254 
(27) 
(274 
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J3 = z = (LO, D,(y)). 
We are now in position to prove r = s + 1 in Theorem 3. From (26a) 
we have 
with 
a3 = N(w), 
w  = $(16z3 - 18z2 + 62 - 1 + (-I&(z))~/~). 
For instance, in the above-mentioned case z = 28, one has 
30533 = N(+(337287 + (-63199139)1/2)). 
For this Series 6, one finds 
z&(z) = 5, OJ = 6 + 5 (-Z&(Z))~/” (mod 9). 
From (27a) we have 
2013 = A@,), 
with 
w2 = 4y3 - 9y” + 6y - 2 + (-D3(y))1/2, 
which we square to obtain 
a6 = N(w3), 
with 
~3 = 8[(4y3 - 9y2 + 6y - 2)2 - D3(~)1 
+ (4y3 - 9y” + 6y - 2)(-03(Y))f’2. 
For this Series 3, one finds 
D,(Y) 3 2, w3 = -1 + 6(-&(y))‘/” (mod 9). 
(28) 
(284 
(29) 
(30) 
(304 
(31) 
(32) 
As in Theorem 4 of [2], we now consider the factorization of the principal 
ideal (3) in the biquadratic field P = Q(l/3o, &%). Since this field 
contains Q((--3)l/3, and since, for both Series 3 and 6 we have 
we have 
(--o/3) = +1, 
(3) = p2p (33) 
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for a prime ideal p and its conjugate @, just as in [2]. We now need to 
determine if o (or w3) is a cubic residue (mod p3). Since 9 = 0 (mod p3), 
we may reduce an arbitrary integer of P (mod 9), cube it, and then reduce 
this cube (mod p3). For Series 6, D, = 5 (mod 9) we find that 
(a+ba+cm+d.\/_0)3 (34) 
is congruent to one of these: 
0, zt1, 14(-D,)“2, f4 -12( - D#j2 (mod p3), (35) 
and for Series 3, D, = 2 (mod 9) (34) is congruent to one of these: 
0, ztl, I!I~(-D,)~‘~, 14 -j-(- D3)lj2 (mod p3). (36) 
(The coefficients in (35) and (36) may be taken from (16) and (17) simply 
by identifying -D and d .) Since neither o nor o3 is a cubic residue 
(mod p3), it follows from Scholz’s criterion that 
r=s+l 
as was asserted in Theorem 3. 
6. ELEMENTARY CUBE-ROOTS CONT'D; THEOREMS 1 AND 2 COMPLETED 
For Series 2 the elementary cube-root is the quadratic form 
J = (4x2 - 9x + 9,2x2 - 12x + 9,7x2 - 15x + 9) (37) 
of discriminant -3fl,(x). A proof by composition is now distinctly more 
involved. The form J is equivalent to 
(4x2 - 9x + 9, -6x2 + 6x - 9, 9x2 - 12x + 9) 
and therefore to 
(9x2-12x+9,6x2-6x+9,4x2-9x+9), 
which we abbreviate as 
(301, b, 4 
Since 3 ramifies, J2 - G2, where 
G = (a, b, 3~). 
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Since 
(3x - 3) b + 3c = 6xa, 3cu = (3x - 3)2 + 6x, 
we may square G and obtain 
G2 = (a2, b + 201(3x - 3), 301). 
Therefore, since G2 - J-l, J3 = I. Thus, .Z is of order 3, and r > 1, 
except for x = 1 when .Z degenerates to Z itself: 
J = (4, --I, 1) - (1, 1,4) = I. 
For Series 1 we have 
J = (4w2 - 18~ + 36, 2w2 - 24w + 36, 7w2 - 3Ow + 36) (38) 
of discriminant - 12 d(w). To make a point, let us honor 23659 = A(-5) 
and record its cube-root: 
J = (226,206,361). (384 
One may square (38a) numerically and find that this is not trivial, and 
that some reduction is finally needed to reduce J2 to J-l. Continuing the 
trend already observed, a general algebraic proof of (38) by composition 
is surprisingly intricate. Here is such a proof. The form (38) is equivalent to 
(7w2 - 3Ow + 36, -2w2 + 24w - 36, 4w2 - 18~ + 36), 
which we abbreviate as 
J w (a, b, c). 
We need the m and n in 
bm + c = an, 
and find that for w  = 6k - 1, 
m = 42k2 - 37k + 8, n = -2(6k8 - 13k + 3), 
while for w  = 6k + 1, 
m = -(42k2 - 23k + 4), n=2(6k2-llk+3). 
We may now square (39) and obtain 
J2 = (u2, b + 2ma, m2 + n) 
(3% 
(4) 
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with 
m2 + n = ak2 - bk(3k - 1) + c(3k - 1)‘. 
We now verify that the J2 of (40) is equivalent to J-l = (a, -b, c) under 
the unimodular transformation 
11 
3w - 6 
J-1 
ifw = 6k + l,andunder 
if w  = 6k - 1. Perhaps there is a simpler proof, but, in any case, F 3 1. 
This completes the proof of Theorems 1 and 2. 
Two remarks concerning these forms J: We used them, for theoretical 
purposes, here and in the previous section, but they are also very helpful 
computationally in analyzing the individual class groups for the imaginary 
fields, and in determining the appropriate values of F. Secondly, we note 
that in all four series the coefficients of J become proportional to 
(4,2,7) (41) 
as the arguments w, X, etc. + cc. The author presumes that this must 
have some significance but he cannot say what this may be. The form (41) 
represents all primes that have 2 as a cubic nonresidue, but why that should 
enter here is not at all clear. 
7. EITHER/OR; THEOREM 3 COMPLETED 
In the last section we deduced s >/ 1 for Theorems 1 and 2 from the 
forms J and the proven relation r = s. For Theorem 3, we want r > 2, 
and we must reverse the argument and deduce this from r = s + 1 by 
examining the real fields and proving s 2 1 directly. 
Consider Series 6. From (9) and (7) we have 
(3zY = wu, (32 - 2)3 = iv&.) (42) 
for integers in Q(Aa1/2): 
6, = (5422 - 362 + 9 + 3 d&)/2 (43) 
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and 
S, = (54~~ - 362 + 7 + 3 d&)/2. 
There are corresponding integral ideals a and b having norms 32 and 
32 - 2, respectively, whose cubes are principal: 
a3 = W, b3 = (8,). (45) 
Now, it may happen that a is already principal, as in z = 7 where one 
finds 
21 = N(21275524509 + 26646814 v’m), 
or that b is already principal, as in z = -2 where we have 
-8 = N((15221 + 153 m)/2), 
but we shall prove that either a, or b, (or both) are nonprincipal if z # 1. 
With this exception, z = 1, where 6, = E, the fundamental unit of 
Q(LI,(I)~/~), we first need to show, as in [2], that 6, and 6, are primary 
numbers. That is, they satisfy 
where E is the fundamental unit of Q(d&~)l/~). 
Proof. For all z = 1 (mod 3) other than z = 1, and for both 6, and 
6, , one has 
1 N(6)11/2 > 63/2 > 14. 
Also, by (9), 54.~~ - 362 + 9 and 54z2 - 362 + 7 are both < 61/4, . 
Therefore 
and since E > (1 + 1/43/Z, all these 6 are primary numbers. 
We also need this 
LEMMA. The integer (C & 3 4&j/2 is not the cube of an integer. 
ProoJ If it equals the cube of (A + B VA,)/& one has 
B(3A2 + B2 A,) = f12, 
but that is clearly impossible both for B = 0 and B2 > 0. 
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Now suppose that both ideals a and b are principal. There are then 
unique primary numbers 01 and /3 such that 
a = (4 b = (0 (47) 
From (45) we have 
a3 = CA 6 1, /I” = EB 6, (48) 
for certain exponents A and B. Since CX, 3, aI and Sz are all primary, we 
must haveA=O,lor2andB=O,l,or2.ButA=OandB=Oare 
excluded by the lemma. And A = B is also excluded by the lemma since 
a3/j!13 = 8,/S, implies 
((32 - 2) a//3)” = S,8, = +(54z3 - 54z2 + 362 - 9 - 3 d&). 
There remains only A + B = 3. That implies 
(a/3/e)” = 6, 6, . (49) 
Assume C$/E = (A + B dA6)/2 and equate the coefficients of v’A6 as 
before. That requires 
B(3A2 + B2 A,) = 12(54z2 - 362 + 8) 
but, as in the proof of the lemma, the right side is too large if .B = 0, and 
too small if B2 > 0. 
Therefore, at least one of a and b is of order 3, the class number h(fl,J 
is divisible by 3, and s > 1, r 2 2. 
The proof for Series 3 is very similar and will be omitted for brevity. 
8. SOME EASILY FACTORED DISCRIMINANTS AND THE 
COMPLEMENTARY SERIES 
Our final topic is suggested by (38a) where we had J = (226,206, 361) 
for our original example A(-5). Since 361 = 192, we know that this J is 
in the principal genus and we can write its square-root immediately: 
J112 = (19, -16,3739). 
Since J is of order 3, J1j2 is of order 6 and its cube is an ambiguous form: 
J3j2 = (118, 118,631). 
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Therefore, 118 \ 12 d( - 5) and we may factor 
at once; cf. [4]. 
A(-5) = 59 * 401 
We may generalize this factorization by solving for 
7w2 - 3Ow + 36 = M2 
in (38). The general solution of 
L2-7hf2= -27 
is given by 
L+MV7=(-1+2di)(8+3V7)” 
and the general solution of (50) is therefore 
w  = (L + 15)/7. 
(50) 
The example, w  = - 5 above is given by n = - 1, L = -50, M = 19. 
Here is a larger example. For it = -3, w  = -1817, M = 4813; then 
A(-1817) = 98543210922547, 
J = (13238698,6646622,23164969), 
J1/2 = (4813, -4682,61423153594), 
J312 = (8955706,8955706,35249125). 
Therefore, d = 4477853 * 22006799, which further factors (but not by this 
method) as 
d = 419 * 10687 . 73 . 301463. 
If we apply the same idea to d3( v) via (25), the general solution of 
L2--7&f2= -3 
is given by 
L+Mz/;j=(2+2/7)(8+3fi)n 
and the solution of 
7y2 - 1ov + 4 = A!22 
is therefore 
, y = (L + 5)/7. 
(51) 
(52) 
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It may be verified that consecutive solutions of (52): y = *.* - 1 I, 0, 1, 6, 
85,..., alternately satisfy y = 1 and y = 0 (mod 6). By (13) none of these 
lie in Series 3. 
Our stipulation y = -1 (mod 6) for Series 3 was chosen deliberately 
to force r = s + 1 and thereby to enhance the probability of finding 
r = 3. But the cases y = +I (mod 6) are not without interest. For 
example, one has 
Y Dd Y> Qb-2 Qb--Da) 
-5 28477 3x3x2 9x3x2 
-11 5-23.41.107 3x3~2~2~2~2 3x3~4~2~2~2 
Note that r = s for these fields. We may call the fields having y = + 1 
(mod 6) the Complementary Series 3, and, similarly, there is a Comple- 
mentary Series 6 having z = -1 (mod 3). Had our main interest been in 
accumulating many examples of s = 2, or in searching for s = 3, these 
complementary series would, in fact, be preferable to those studied above. 
Returning now to our special factorizations, for n = 2 in (51) we have 
and so 
L = 590, M = 223, y = 85, 
D,(85) = 1364574457, 
J1/2 = (223,52, 6119171), 
D3(85) = 9679 . 140983. 
More impressive is n = 6: 
L = 38063342, M = 14386591, y = 5437621, 
D, =23604743300654985354110443321. 
Then, from 
(53) 
J1j2 = (14386591, -9029186,1640746115647202713670) 
we obtain 
D,(5437621) = 40042042149871 . 589498987396951. 
There is no real difficulty in similarly factoring some much larger D3(y). 
Since the factorization of a number as large as (53) is usually very 
difficult, this engages our attention and we seek a better insight into what 
is happening here. By a lengthy algebraic calculation, which I spare the 
6411416-4 
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reader, I succeeded in removing the “superstructure” here and in reducing 
these factorizations to a purely algebraic result. I find that if 
with 
then 
with 
y = 4b2 + 1 + 2ab, 
a=dV, 
&W = fs 
(54) 
(544 
f = 64b4 + 14b2 + 1 + 2ab(10b2 + l), 
g = 864b4 + 86b2 + 1 + 2ab(162F + 5). 
(55) 
We may thus disregard the forms J, their square-roots, their composition, 
the ambiguous forms J3/2, etc., and split the irreducible polynomial 
I&(y) = 27y4 - 74y3 + 84y2 - 48~ + 12 
directly by the algebraic substitution (54). 
A general theory of algebraic substituions that split other irreducible 
polynomials would be of interest and value. 
Note added in proof. While this paper was awaiting publication, several papers 
have appeared that refer to it and answer several of the questions it raises. For these 
developments, see [5-81. 
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